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Abstract 
Muiioz Delgado, F.-J. and V. Ramirez Gonzalez, Orthogonal polynomials and conservative approximation, 
Journal of Computational and Applied Mathematics 49 (1993) 217-223. 
The traditional approach to the problem of approximating a function by polynomials is based on a 
minimization process (least-squares, Lagrange, Taylor, Hermite, uniform, etc.). The use of conservative 
operators (Bernstein, Bernstein-Kantorovich, Durrmeyer-Derriennic, Sablonniere, etc.) opens a different 
approach based on a more qualitative point of view. It follows from Korovkin’s results (1960) that a linear 
operator leaving fixed the polynomials 1, x, x2 and preserving positivity must be the identity. Then, when the 
best approximation comes from a norm or inner product, it need not preserve the properties of form, showing 
that the two approaches are in some sense divergent. The purpose of this paper is to analyze the connections 
between these two forms of approximation. 
Let (h,}, i = 0,. . . , n, be a family of orthogonal polynomials with respect to an inner product (. , . ) in C[O, I] 
verifying that the polynomial h, is of degree i and has i simple roots in the interval (0, 11, and for all pairs of 
continuous functions in [0, l] such that f(x)g(x) > 0 in [0, l], then (f, g) 2 0. We will prove that for each 
fixed value of k E (O,..., n} there exist linear polynomial operators K: C[O, l] + pn whose eigenfunctions are 
the orthogonal polynomials (hi} and thus (1) K(p) = p for each polynomial p E P,; (2) if for some i E (k, 
k + 1,. . . , IZ), Dif > 0, then D’K(f) > 0. Further, these operators map each function f onto the polynomial p 
of lPn, minimizing (S-p, f-p)+E~==oAjc,(p)2, with A, > 0, i = 0,. . , n, chosen appropriately and where 
c,(p) represents the average i-convexity of the polynomial p. Some of the conservative operators in the 
literature can be deduced by the method explained here. 
Conversely, let K be a linear polynomial operator which has a series of eigenfunctions (h,} verifying 
deg(h,) = i with i = 0,. . , n, and positive eigenvalues A, > 0 less than or equal to 1. Under these circumstances 
there exists an inner product (-, .> as well as some positive constants Ai from which the operator K can be 
deduced by minimizing (f - p, S - p) + ~~=oA,c,(p)2. 
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1. i-convex functions 
We denote by C’[O, l] the set of real functions in [0, l] with continuous ith derivative Dif. 
Definition 1.1. (a) A function f E C’[O, l] is said to be i-convex if D’f(x) > 0 for all points of 
the interval [0, 11. 
(b) A linear polynomial operator (LPO) K preserves the i-convexity if K transforms all 
i-convex functions into i-convex polynomials. 
(c) K fties P, if K(p) = p for each p E P,. 
(d) An LPO K : C”[O, l] + lFi’,, is a conservative operator if it preserves the i-convexity for 
i=O n. ,.**> 
Lemma 1.2. If a function f~ C’[O, l] is i-convex, then if p E Pi_, interpolates f at i arbitrary 
pointsof [0, l],O<x,<x,< a** < xi G 1, the signs off-p alternate in the intervals [O, x11, [x1, 
$1, *. *, [xi, 11, the sign being positive in the last one. 
Proof. It suffices to consider that the error in the Lagrangian interpolation is given by the 
expression 
f(x) -p(x) = Dif(~(x))(x -X1)(X -X2) ’ ‘. (X -Xi), 
where a(x) is some point of [O, 11. q 
2. Conservative operators from inner products 
In this section, we shall work with inner products that verify 
(2.1) for any functions f, g E C[O, 11 such that f(x)g(x) 2 0 in [O, 11, (f, g) > 0; 
(2.2) the corresponding orthonormal polynomials (hi}, i = 0,. . . , n, with deg(hi) = i, and hi 
has i simple roots in (0, 1). (We will take {hi} with positive leading coefficients.) 
Classical inner products verify conditions (2.1) and (2.2). 
Lemma 2.1. For k > i, there exist constants Ai, > 0 such that hi -Ai,h, and hi +Aikhk have 
exactly i roots in (0, 1) and they are positive in x = 1. 
Proof. The polynomials hi have i simple roots in (0, l), which are continuous with respect to 
their coefficients (see [l]). q 
Lemma 2.2. Given the constants Ai, of lemma 2.1, for each i-convex function J ( f, hi > 2 Ai, I( f, 
hk) I >O. 
Proof. The polynomial hi - Ai,h, has i roots in (0, 1). Calculating the polynomial p E Pi_ 1 that 
interpolates at f in those roots, we get 
(f 2 hi -Aikhk) = (f-p, hi -Aikhk) >, 0. 
Then (f, hi) >Ai,(f, hk). 
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We can use an analogous reasoning with the function hi +Aikhk to arrive at (f, hi) > 
-A&, h/J. 0 
Theorem 2.3. For each k E IO,. . . , n}, there exist constants Bi, i = 0,. . . , n, such that the operator 
K : C[O, l] + pn defined by 
n 
K(f) = CBi(hi> f>hi 
satisfies 
i=O 
(a) the eigenfunctions are the orthonormal polynomials {hi}; 
(b) i-convexities are preserved for i = k, . . . , n; 
(c) P, is fi)ced. 
Proof. For k = n, we obtain the least-squares operator, which corresponds to the case Bi = 1 for 
i=O , . . . , It. K will be an LPO which verifies (a). Let us consider (b) and (c). 
Since the interval is bounded, there exist constants Cij > 0 such that ]Dihi ] < Cij for i <j 
and Ci = D’h,. To obtain Bi, we begin with i = It. If f is n-convex, (f, h,) 2 0; therefore, in 
order to make DnK(f) = B,( f, h,)Dnhn nonnegative, it is sufficient that B, > 0. Let us 
assume that there exist constants Bj > 0 for j = i + 1,. . . , n such that D’K(f) 2 0 for each 
j-convex f with j =i + l,..., n. We now construct Bi such that if f is i-convex, then 
D’K(f) > 0. 
Let f be i-convex; then 
D’K( f )(X) = Bi( f) hi)D’hi + ~ Bj( f) hj)D’hj(x). 
j=i+l 
In order to satisfy D’K( f >(x> 2 0, it is sufficient that 
But 
2 Bj( f, hj)Dihj(x) < Bi( f, hi)Dihi. 
j=i+l 
k Bj( f 7 hj)D’hj(x) 
j=i+l 
G j=$+IBji(f,hj)I ID’hj(x)lG k Bj(f, hi)?, 
j=i+l 11 
Therefore it suffices to choose Bi > C~=i+IBjCij/(AijCi). This can be done for all i, i = 
k , . . . , n - 1. Thus we obtain the operator K(f) = Cy=‘=,B,( f, hi) hi, with Bi = 1 for i = 0,. . . , k 
- 1 and Bj = Bj/B, for j = k, . . . , n, which preserves all the i-convexities with i = k, . . . , n and 
fixes P,. 0 
Remark 2.4. It is only necessary that the form ( - , * ) be an inner product in pn. In this way 
discrete inner products can be included. 
In principle, an LPO which preserves i-convexity could fix the polynomials in pi + 1. Neverthe- 
less, for this it is necessary for the operator to interpolate the ith derivative at points 0 and 1 
[3,4]. In general this is not possible, since the orthogonal polynomial h, + 1 usually has nonzero 
derivatives of order iz at 0 and 1, but this polynomial must be mapped onto the trivial 
polynomial. 
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Example 2.5. Let us consider the inner product in Pi: 
(f, g> =Af(O)g(O) +f(t)g$ +Af(l)g(l), with A > 0, 
which verifies (2.1) and (2.2). Let us construct K : C[O, 11 + P, which fixes constants and 
preserves positivity and growth: 
(f, g> =Af(O)g(O) +f($)g($) +Af(l)g(l), with A > 0. 
The orthonormal polynomials with positive leading coefficients are 
h,(x) = (2A + 1)-1’2, h,(x) = (2A + 1)(2A3 + +$A2 + $A) -i+- !$). 
A,, will be a positive constant so that h, +A,,h, and h, -A,,& are positive. The greatest 
possible one is 
((2A” + ?A2 + $A)/(2A + 1))1’2 
A++ 
C, is (2A + 1)-l12. C,, bounds I h,(x) (; the least value is (A + i>/(2A3 + ?A2 + $A)1/2. With 
regard to the eigenvalues, 
4C01 
B, > 0 and B,> - 
4lG * 
If we wish to have B, = 1 and the greatest possible value B,, then we must take 
4&O B,=-= 
2A3 + ?A2 + $A 
CO1 (A + 5)2(2A + 1) * 
Thus we obtain an LPO which preserves positivity and growth, leaving the constants fixed. This 
operator is defined as 
K(f) =B,(f, h,)h,, +B,(f, h,)h,. 
The elgenvalue B, is an increasing function of the value A. If A were equal to 1, the second 
eigenvalue would be g. In order to increase this second eigenvalue, we increase the value of 
A. In this way, by increasing the weight A at the ends, the operator would be “closer to 
interpolating” the value of the function at the ends, which is what facilitates the fixing of lines. 
In fact, when A approaches infinity, B, approaches 1. 
Theorem 2.6. The operator K obtained in Theorem 2.3 assigns to each function f the polynomial 
p E p,, which minimizes 
(‘f-p, f-P) + ice k - l (P, hi)2’ 
i I 1 
Proof. It suffices to express p in the orthonormal basis {hi} and compute. Cl 
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Remark 2.7. By [3,4] the eigenvalues of the operator K are positive, decreasing and not greater 
than 1. 
The least-squares operator leads to fixing Pn,, but cannot preserve the i-convexities with 
i < y1 - 1, having therefore few properties of form. By varying the process of minimization, 
however, we arrive at an operator which does preserve more properties of form. 
To define average i-convexities, we could use functions with constant i-convexity (that is, the 
polynomials of IPi>, minimize (f-g, f-p) with p E Pi and take the ith derivative of p as the 
average i-convexity, or the coefficient of xi, or any other proportional quantity with a positive 
coefficient. For example, we could adopt cj<f> = ( f, hi). 
Thus the operator K appears to minimize the distance between the function and the 
polynomial on the one hand, and the average polynomial i-convexities on the other hand. 
Examples 2.8. Some of the conservative operators are generated by classical orthogonal 
polynomials. Thus the Legendre polynomials give rise to the Durrmeyer-Derriennic operator, 
the Jacobi polynomials to the Bernstein-Jacobi operator introduced by Sablonniere and the 
discrete Hahn polynomials to the Bernstein-Hahn operator introduced by Sablonniere. 
If in each of the above examples, we take the inner product from which the orthogonal 
polynomials are derived, and if we take Ai = l/Aj - 1 for i = 0,. . . , n, where hi are the 
eigenvalues of the operator, then the minimizing process gives the operator K. That is, for the 
usual conservative operators there is a minimization property which comes from an inner 
product modified in the above form. 
We find similar situations in the literature, such as the smoothing spline studied by Wahba, 
Utreras, etc., where on the one hand the distance to the known points of the function, and on 
the other hand the integral of the square of the second derivative are minimized. 
3. Generalization of the process 
In general we could minimize expressions 
(f-P, f-P> + kAi(P, q2, 
i=O 
without insisting that the inner product verifies (2.1). In this case we would obtain an operator 
given by the expression 
&Z(f) = t (49 f) (1 :a,) *
i=O I 
Property 3.1. The above operator verifies the following properties. 
(a) It is linear. 
(b) It preserves the degree of the polynomials of P,,. 
(c) Its eigenvalues are l/(1 +Ai). 
(d) Its eigenfunctions are the polynomials hi. 
(e> Zf Ai = 0 for i = 0, . . . , k, then P, is fiued. 
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In general we cannot guarantee the conservation of the i-convexities. Usually it is difficult to 
obtain the optimal values of Aj, so that they are as small as possible in order to give a better 
approximation of the function and, at the same time, the operator preserves i-convexities. 
However, not all forms ( - , -) lead to conservative operators of the above form, as will be seen 
in the following example. 
Example 3.2. Let ( * , *) be given by 
(f, s> =f(O)s(O) +f(l)g(l) +ADf(;)Dg(+), 
for some constant A > 0. 
Under these conditions no linear polynomial operator K : C’[O, 11 + P, exists which fixes 
constants, preserves positivity and is of the form 
K(f)(x) =&(f, h,)h, +&(A h,)h,, 
since h, and h, are orthonormal polynomials of degree 0 and 1. 
4. Inner products from conservative operators 
Most conservative operators have a series of eigenfunctions (hi) with deg(hi) = i which have 
positive eigenvalues less than or equal to 1. These two properties will allow to include all of 
them in the minimization process, since, as we will see, one can define a form ( * , *) and find 
some values Bi in such a way that the operator verifies the minimization property. 
Theorem 4.1. Let K be a linear polynomial operator which has a series of eigenfunctions (hi) 
verifying deg(h,) = i with i = 0, . . . , n, and positive eigenvalues A, > 0 less than or equal to 1. 
Under these assumptions there exists an inner product ( * , . ) as well as some positive constants Bi 
from which the operator K can be deduced by means of the minimization process. 
Proof. Writing K(f) in the basis {hi}, we get K(f) = C~ZOhiai( f )hi. Let us define the inner 
product (f, g) = C~==,ai<f >a,(g>; then (hi, hi) = 1 if i =j and 0 if they are distinct and, 
defining the average i-convexity from the minimization of (f-p, f-p) with p E Pii, then 
Ci(f)=(fy hi>=ai(f). 
If we take Ai = (1 - Ai)/Ai and follow the minimization process, we arrive at the operator 
K(f)= thici(f)hi. 0 
i=o 
Remark 4.2. It is not necessary that the form ( * , -) be an inner product verifying (2.11, as the 
following example shows. 
Example 4.3. For the Bernstein operator B, the function ( . , . > is given by 
(f, g) =f(O)g(O) + (f(l) -f(O)>(g(l) -g(O)) 
+ J(fP) - 2f(i) +f(O))(gW - 28(i) +g(O)). 
If f(x) = 2x + 1 and g(x) = 1 -x, then f(x)g(x) 2 0 and nevertheless (f, g) = -2. 
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